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We present a method to calculate the Landau levels and the corresponding edge states of two
dimensional (2D) crystals using as a starting point their electronic structure as obtained from
standard density functional theory (DFT). The DFT Hamiltonian is represented in the basis of
maximally localized Wannier functions. This defines a tight-binding Hamiltonian for the bulk that
can be used to describe other structures, such as ribbons, provided that atomic scale details of the
edges are ignored. The effect of the orbital magnetic field is described using the Peierls substitution
in the hopping matrix elements. Implementing this approach in a ribbon geometry, we obtain both
the Landau levels and the dispersive edge states for a series of 2D crystals, including graphene,
Boron Nitride, MoS2, Black Phosphorous, Indium Selenide and MoO3. Our procedure can readily
be used in any other 2D crystal, and provides an alternative to effective mass descriptions.
I. INTRODUCTION
The motion of electrons in two dimensions under the
influence of a perpendicular magnetic field B results in
a discrete spectrum of energy levels, associated to the
bound closed cyclotron orbits expected within the clas-
sical picture. In the case of Schrodinger electrons, the
discrete spectrum was first calculated by Landau,1 that
showed that En = h¯ω0
(
n+ 12
)
, where n = 0, 1, are inte-
ger numbers and h¯ω0 =
eB
m , where e and m are the charge
and mass of the electron. The concept of Landau levels
(LL) is also useful in systems for which the effective mass
approximation is a good description of the relevant en-
ergy bands, such as semiconductor two dimensional elec-
tron gases.2 With the observation of the unconventional
quantum Hall effect in graphene,3,4 it was soon realized
that the spectrum of quantized levels was different from
the usual Landau quantization, and they would rather
scale as En = sgn(n)vF
√
2eh¯B|n|, with n = 0,±1,±2, ..
and vF being the Fermi velocity of graphene carriers.
This unconventional spectrum of Landau Levels can eas-
ily be obtained using the kp effective mass Hamiltonian
for graphene, isomorphic to the celebrated Dirac Hamil-
tonian.
The physics of the magnetic quantum oscillations5–7
and, in the extreme quantum limit, the quantum Hall ef-
fect of a given system, are often best described in terms
its Landau levels. The quest for samples with increased
mobility has finally led to the observation of the quantum
Hall effect in few layer Black Phosphorous,8 in thin film
transition metal disulfides9 and monolayer WSe2
10 which
provides an experimental motivation for this work. Im-
portantly, the properties of Landau levels can be dramat-
ically different depending on the symmetry of the crystal.
Thus, hexagonal crystals such as graphene11 and MoS2
12
have Landau levels that can be accounted for in terms of
two sets of Dirac electrons, one per valley, whereas in the
FIG. 1. (a) Diagram of the workflow to calculate Landau
levels for an arbitrary material using the Wannierization pro-
cedure. (b) Sketch of the meaning in real space of the different
hopping matrices in a 2d system. From those matrices, the
Hamiltonian of the new unit cell for a quantum Hall bar can
be easily built as shown in (c). Panel (d) shows the color code
that will be used afterwards, red and blue for the edges, and
green for the bulk.
case of black phosphorous the spectrum is similar to the
more conventional case of Schrodinger LL.13,14 Dirac LL
are dramatically different from Schrodinger LL, as they
come in 3 groups, electron-like, hole-like and the intrigu-
ing 0 Landau level. Whereas electron and hole Dirac-LL
have a twofold valley degeneracy, the 0 LL breaks valley
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2symmetry.
The conventional procedure to calculate the quantized
levels of electrons in two dimensional systems, either
quantum wells or 2D crystals, requires to derive the
right kp effective mass Hamiltonian,15,16 and solve the
Schrodinger equation, replacing ~p by ~p− ~A. The effective
mass approximation is well suited for this task because
the magnetic length lB =
√
h¯
eB = 25nm/
√
B[Tesla] is
much larger than the crystal period for laboratory scale
magnetic fields. When applied to an infinite two dimen-
sional system without edges, this approach yields a set of
dispersion-less LL, very often after a simple analytic cal-
culation. The determination of the dispersive edge states
requires to solve the equation without translational in-
variance in the direction perpendicular to the edge,17,18
which normally requires numerical solution.
The implementation of the kp method can become
impractical in some situations, such as in-plane hetero-
junctions of 2D crystals, or in general, whenever the kp
Hamiltonian for bulk is not known. In these situations,
the calculation of both the bulk LL and the edge states
could be done if a tight-binding Hamiltonian for the sys-
tem is known. In that case, the effect of the magnetic field
is included by doing the so called Peierls substitution,15
that consists in replacing the hopping t1,2 by t1,2e
iΦ1,2 ,
where Φ1,2 =
e
h¯
∫ 2
1
~A · d~l is the circulation of the vector
potential ~A associated to the magnetic field. This strat-
egy is very often used in the case of graphene, for which a
straightforward tight-binding Hamiltonian is available,19
and permits to compute the edge states, as well as in-
terface states in the case of in-plane heterojunctions.20
However, tight-binding models are not always available.
Here we propose a constructive approach to obtain
both the quantized levels, edge states and interface states
valid for a very wide variety of 2D crystals and Van der
Waals heterostructures. Our strategy consists in deriv-
ing a tight-binding Hamiltonian for a given 2D crystal
starting from DFT calculations, using the well tested
Wannierization method.21–26 This procedure allows to
obtain an exact representation of the DFT Hamiltonian
in a basis set of localized orbitals, ie, a tight-binding
representation.27–31 This procedure is carried out in the
absence of magnetic field and yields a tight binding de-
scription that captures the topology and orbital weight of
the states in the whole Brillouin zone, as opposed to be-
ing valid close to high symmetry points, giving thereby an
accurate description for complex materials. Once this is
done at B = 0, the addition of the effect of the magnetic
field using the Peierls substitution is straight-forward and
permits to obtain both the Landau levels and the edge
states, provided electronic reconstructions triggered by
magnetic field are not considered.
II. METHODS
The Wannierization procedure consists in a change of
basis, from the Bloch basis |~k, i〉 which are eigenstates
of the Kohn Sham Bloch Hamiltonian HKS(~k)|~k, ν〉 =
~k,ν |~k, ν〉, into a localized Wannier basis |~n, ν〉. Here
ν stands for band index. The change of basis is per-
formed by an integration of the Bloch waves in the whole
Brillouin zone, weighted by a gauge field U(~k)µ,ν , so
that |~n, µ〉 = 1(2pi)2
∫
ei~n·~kU(~k)µ,ν |~k, ν〉d2k. In particular,
the change of basis is characterized by the unitary field
U(~k)µ,ν , which is chosen so that the Wannier orbitals
have the smallest spread in real space, giving rise to the
so called maximally localized Wannier functions.21,25 The
Hamiltonian in the Wannier basis is no longer diagonal,
but due to the localized nature of Wannier states, it only
couples states whose positions are close in real space,
giving rise to a sparse Hamiltonian. This procedure is
performed in the set of bands relevant for the low energy
properties, giving rise to a Hamiltonian with a size much
smaller than the original DFT one, but reproducing the
Hamiltonian in the energy window of the Wannierized
bands.
Due to the small matrix size of the Wannier Hamilto-
nian, it is possible to precisely calculate quantities that
depend strongly on the number of k-points. This pro-
cedure has been successfully applied (among others) to
calculate optical,32 thermoelectric,33 ballistic transport24
and strong correlations through dynamical mean field
theory.34 Here we are interested in the calculation of Lan-
dau levels and edge states in 2D crystals and, as we dis-
cuss now, the DFT calculation is done for the unit cell
of the bulk 2D crystal. The obtained Wannier Hamil-
tonian represents a two dimensional tight binding model
and has the following form
H2D =
∑
n,m
∑
i,j
t~n−~mij c
†
~m,jc~n,i (1)
which in reciprocal space reads
H2D(~k) =
∑
n,m
∑
i,j
ei
~k·(~m−~n)t~n−~mij c
†
~k,j
c~k,i (2)
where i, j are the indexes of the different orbitals in the
unit cell and ~n, ~m are the vectors that label the different
unit cells. The matrices t~n−~mij are the hoppings between
the Wannier orbitals between the different unit cells,
t~n−~mij = 〈~n, i|HKS |~m, j〉 (3)
with |~n, i〉 the i-th Wannier orbital in the cell ~n. In Fig.
1b it is shown a sketch of the meaning of those matrices
in real space, for the case of a square lattice and hopping
to first neighboring cells.
Once we have the hopping integrals Eq. (3), obtained
for the minimal unit cell that describes the 2D crystal, we
3can build a model for a one dimensional slab, as schemat-
ically shown in Fig. 1c. In the same step it is also possible
to add the effect of the magnetic field acting on the or-
bital degrees of freedom using the Peierls substitution.
Assuming that the bar is infinite in the x direction, we
use the Landau gauge ~A = (By, 0, 0) that maintains the
translation symmetry of the Hamiltonian, and modifies
the hoppings tˆij of the 1d unit cell according to
tˆN−Mij → tˆN−Mij eiφ
N,M
ij (4)
where
φN,Mij =
eB
2h¯
(xNi − xMj )(yNi + yMj ) (5)
is the Peierls phase, B the magnetic field and
xNi , y
N
i , x
M
j , y
M
j the center of the different Wannier or-
bitals in the cells N and M of the 1d system. Finally,
by calculating the expectation value of the position along
the width of the ribbon for each state, we obtain whether
a certain state is a bulk LL or an edge state (see Fig. 1d).
Since the method uses the same matrix elements for
edge and bulk atoms, it completely misses the atomic
scale reconstructions at the edges, such as dangling bonds
and any other edge specific atomic scale process. The
method assumes that the edges are identical to bulk, ex-
cept for the reduced coordination. Whereas this assump-
tion is certainly not realistic to describe atomic scale edge
properties, it provides a quite reliable description of both
bulk LL and even the edge states associated to propa-
gating modes along the boundaries of the sample, whose
localization length along the transverse direction is given
by `B , much larger than the lattice constant.
III. RESULTS
A. Graphene
We now test the procedure with graphene.19 In a sin-
gle graphene layer, the low energy properties are domi-
nated by two pz-like orbitals, one in each carbon atom.
At higher energies, the decoupled pz bands coexist with
bonding/antibonding sp2 states. To perform the Wan-
nierization, a frozen window of [−1, 1] eV is chosen so it
contains the low energy region, whereas the outer window
goes up to [−9,+9] eV to capture the whole pz manifold.
The comparison between the full DFT band structure
and the Wannier band structure is shown in Fig. 2a. It is
apparent that the Wannierization captures both the low
energy Dirac dispersion as well as the electron hole asym-
metry which arises due to second neighbor hopping.35
Upon application of a magnetic field in a ribbon build
with the previous Hamiltonian, the familiar set of Dirac
Landau levels appear. In particular (Fig. 2b), a single
zero Landau level per valley shows up, that connects with
zigzag edge states which show some dispersion due to the
finite second neighbor hopping.35 Except for this feature,
FIG. 2. (a) Comparison of the band structure of graphene as
obtained by DFT and the Wannier tight binding Hamiltonian.
(b) Band structure of graphene nanoribbon of thickness 25
nm in the quantum Hall regime (B = 120 T). (c) Evolution
of the Landau levels with magnetic field as obtained with
the Wannier Hamiltonian, and evolution of the Landau level
energy with the index for B = 8 T. Ribbon thickness in (c,d)
is 170 nm.
associated to states atomically localized at the edges, the
method yields results identical to those obtained with the
standard tight-binding model.16 The color of the bands
in Fig. 2b shows the spatial location of the state: green
stands for bulk36, whereas red and blue stand for top and
bottom edge respectively. We can repeat the calculation
for several values of B and study the evolution of the
Landau level spectra as a function of B. We obtain the
expected11,16 square root behavior of the energy with B.
Independently on the magnetic field the first Landau level
is always pinned at zero energy and two fold degenerate,
originating one from each valley. Finally, the evolution
of the LL energy for a fixed magnetic field as a function
of the LL index can be obtained in the same way, show-
ing the expected square root behavior En ∝
√
n. This
further confirms the reliability of our method.
B. Boron nitride
Hexagonal boron nitride37,38 (BN) is a two dimensional
material which is mostly known for its insulating behav-
ior and its extraordinary properties for acting as a high
quality substrate for other 2D materials.39–42 Very much
like graphene, BN consist on a honeycomb lattice, but
with two inequivalent atoms, boron and nitrogen, in the
unit cell. Its electronic structure is usually understood
as a gapped Dirac equation in the pz manifold, having
a direct band gap, although recent findings suggest that
4FIG. 3. (a) Comparison of the band structure of mono-
layer boron nitride as obtained by DFT and the Wannier tight
binding Hamiltonian. (b) Band structure of hole doped BN
nanoribbon of thickness 35 nm in the quantum Hall regime
(B = 116 T), focusing on the valence band. (c) Evolution of
the Landau levels with magnetic field as obtained with the
Wannier Hamiltonian, and evolution of the Landau level en-
ergy with the index (d) for B = 50 T. Ribbon thickness in
(c,d) is 175 nm.
its bulk form shows an indirect gap.43
The electronic structure obtained with DFT is shown
in Fig. 3a, as well as the comparison with the bands ob-
tained via Wannierization with pz-like orbitals of boron
and nitrogen. The low energy properties show a strong
electron-hole asymmetry, giving rise in the conduction
to a quite flat band between K and K ′, so that in the
following we will focus on the more conventional valence
band. In figure Fig. 3b we show the Landau levels ob-
tained with the Wannier Hamiltonian, focusing on the
valence band. It is apparent that the spectrum is differ-
ent for K and K ′ valleys (positive and negative values
of k in the figure), as expected for the case of a massive
Dirac equation.44 In particular, the n = 0 Landau level
for holes is only present in one of the valleys. The scal-
ing of the Landau levels with the magnetic field is shown
in Fig. 3c, where it is observed the flatness with B of
the 0LL, expected in a massive Dirac equation44 and the
almost linear dispersion of the Landau Levels with B,
expected for Dirac electrons with a large mass.
C. MoS2
Transition metal dichalcogenides are another set of ma-
terials that can be exfoliated into 2D flakes and are at-
tracting enormous interest.45 They also have a hexagonal
structure, but their electronic structure is more compli-
FIG. 4. (a) Comparison of the non relativistic band structure
of MoS2 as obtained by DFT (blue dots) and obtained by the
tight binding model derived by Wannierization (red dots). (b)
Band structure of a quantum Hall MoS2 bar (ribbon thickness
33 nm and B = 120 T), focusing on the conduction band, with
the color representing the spatial position of the eigenvalue.
It is observed that only one valley yields a 0LL. (c) Evolution
of the Landau levels in the conduction band as a function of
the magnetic field, resolved for each valley. (d) Dependence of
the the Landau level energy with the Landau level index n for
B = 8 T as obtained from the tight binding calculation. Fermi
level in (b) is shifted with respect to (a). Ribbon thickness in
(c,d) is 220 nm.
cated than the one of graphene and BN, involving several
d orbitals of the transition metal, and also some con-
tribution coming from the p orbitals of the group VI
atom.27 Therefore, obtaining a Slater Koster model or
a tight binding model by fitting to the band structure is
a very challenging task.46–51 Even if a good fitting is ob-
tained, the fact that the parametrized Hamiltonian repro-
duces the topology and orbital character of the original
Hamiltonian has to be carefully checked. In contrast, the
Wannierization procedure allows to get the tight binding
Hamiltonian in a single shot, reproducing both the topol-
ogy and orbital weights of the bands.
Unconventional Hall effect in dichalcogenides12,52,53
is expected due to the Dirac-like nature of its band
structure.54 In the following, we will focus on the case of
MoS2, although a similar analysis can be applied to other
transition metal dichalcogenides (TMD). We study first
the conduction band, for which the effect of spin orbit
coupling is much smaller27 than in the valence band, so
that it can be initially neglected. In particular, the spin-
orbit splitting in the conduction band is much smaller
than the Landau level splitting for moderate values of B.
For the particular case of MoS2, the orbitals chosen as
initial guess are the p orbitals in S and the d-orbitals in
Mo, giving rise to a 11 band Hamiltonian.27
The comparison between the DFT and Wannier Hamil-
tonians obtained is shown in Fig. 4a. We emphasize that
5since the Wannierization is simply a change of basis, the
orbital information is perfectly conserved between the
DFT Kohn Sham states and the tight binding Hamilto-
nian. With the previous Hamiltonian a quantum Hall
slab can be built, that permits to compute the Landau
level spectra shown in Fig. 4b. Because of the lack of
inversion symmetry, the n = 0 Landau level in the con-
duction band is only present in one valley as observed in
Fig. 4b.55,56 In addition, for Landau indexes n > 0, a siz-
able valley splitting has been predicted,53,55,57 based on
a three band tight binding model, feature that would not
be observed in the Landau levels of a massive Dirac equa-
tion. Including hopping up to third neighboring cells, we
find that the valley splitting in the conduction band is
rather small. In comparison, if we only retain hopping
to the first neighboring cell, we recover the sizable inter-
valley splitting predicted.55,57 We thus conclude that the
n > 0 valley splitting in the conduction band depends
strongly on the details of the tight binding Hamiltonian
used.
So far we have ignored the effect of spin orbit coupling.
We can implement the method used so far starting from
a DFT calculation that includes spin orbit coupling, and
performing a Wannierization over a fully relativistic cal-
culation. The results of this procedure are shown in Fig.
5a, and the Landau levels for the valence band in a quan-
tum Hall slab are shown in Fig. 5c.
Nevertheless, the effect of SOC can also be captured
without a fully relativistic Wannierization, but just by
adding an atomic-like SOC term to the spinless Wan-
nierization performed previously.27 This will be valid as
long as the Wannier orbitals are atomic-like close to the
atom27,58 (which is where the SOC has its strongest con-
tribution), and provided the SOC splitting comes from
the manifold where the Wannierization was performed.
For example, in the case of graphene, the first principles
SOC gap of 40 µeV will be reproduced with the previous
procedure only if the Wannierization includes d-orbitals
of carbon,59,60 whereas only inclusion of sp orbitals would
yield a gap 1 µeV for realistic SOC coupling,61,62 much
below the actual DFT value.
The inclusion of SOC after the Wannierization gives
rise to the following Hamiltonian
H = Hspinless +HSOC (6)
where
HSOC =
∑
a∈atoms
λa
∑
(i,j)∈a
(~L · ~S)c†i,scj,s′ (7)
is the atomic spin-orbit coupling. Hspinless is the Wan-
nier Hamiltonian obtained from the non relativistic DFT
calculation, for the bulk or the ribbon depending on the
case.
This procedure avoids having to perform a relativistic
calculation, and can be useful to approximately capture
SOC effects if a particular DFT code lacks of relativis-
tic implementation, if the fully relativistic calculation is
FIG. 5. (a) Comparison of the band structure of MoS2 as ob-
tained by a relativistic DFT (blue dots) and obtained by the
tight binding model derived by a relativistic Wannierization
(red dots). (b) Band structure obtained by adding atomic
SOC to the non relativistic tight binding Hamiltonian ob-
tained with a spinless Wannierization (Fig. 4). Panels (c,d)
show the band structure of a quantum Hall slab, focusing
in the valence band, using the relativistic Wannierization (c)
and the spinless Wannierization plus atomic SOC (d). Colors
in (b,c,d) indicate the spin flavor of the eigenvalue. Ribbon
thickness in (c,d) is 33 nm and magnetic field B = 120 T.
computationally too expensive, or simply to study how
the band structure evolves as the SOC is turned on.27
It is important to note that effects produced by varia-
tions of the DFT charge density by SOC effects will not
be captured, so that small differences in dispersions and
effective masses are expected.
The values of λMo and λS in Eq. 7 correspond ap-
proximately to the atomic SOC in Mo and S, which was
shown27 to be on the order of 80 meV for Mo and 50
meV for S. The bulk band structure obtained with the
non relativistic Wannierization plus atomic SOC follow-
ing Eq.7 is shown in Fig. 5b. It is observed that this
method gives a band structure in good agreement with
the fully relativistic one (Fig. 5a), in particular reproduc-
ing the valley spin splitting in the K and K ′ points. The
quantum Hall effect in this particular system is shown
in Fig. 5c for the fully relativistic Wannierization and
in Fig. 5d for the non-relativistic Wannierization plus
atomic SOC. In both cases it is observed that due to
the large spin splitting in the valence valleys, the Lan-
dau levels are spin polarized for each valley, and with a
valley-dependent spectrum for the values of the Landau
index larger than 0. More importantly, only one of the
valleys shows a single Landau level, which turns the sys-
tem into a quantum spin ferromagnet upon hole doping.
Although methods 5c,d give qualitative similar results, a
small difference in effective mass between both calcula-
tions create a small misalignment between the levels.
6Finally, it is worth to note that the previous calcula-
tions do not include nor the Zeeman term HZ = 2µB ~B · ~S
neither the coupling to the atomic orbital angular mo-
mentum HA = µB ~B · ~L, where ~L is the atomic angular
momentum, ~S the spin, and µB is the Bohr magneton.
This orbital coupling is internal and it is different from
the orbital magnetization.63–65 In the case of MoS2, the
last angular term would create a valley dependent split-
ting in the valence band that increases linearly with B,
since the states in the valence band valleys are dominated
by Lz = ±2 from Mo. In comparison, its contribution
in the conduction band will be much smaller, due to the
Lz = 0 dominant character. The Zeeman term would cre-
ate a spin splitting in both valleys, whose effect would be
more important in the conduction band, where at large
enough fields would be able to compete with the small
SOC splitting of the conduction band.
D. Black phosphorus, InSe and MoO3
In the following we will apply the method presented
to other semiconducting two dimensional materials. In
particular we will study cases whose low energy prop-
erties are believed to be dominated by Schrodinger-like
dispersion relations, rather than Dirac like.
We first turn our attention to monolayer black
phosphorus,66 a two dimensional semiconductor that
shows highly anisotropic electronic properties due to its
distorted lattice. Its a direct gap semiconductor, with
top of the valence and bottom of the conduction bands
located at the Γ point in the Brillouin zone.
The strong mixing between s and p orbitals in black
phosphorus, together with the low symmetry of the unit
cells turns the fitting of its electronic structure a very
challenging task if few orbitals are considered.67–69 In or-
der to properly capture the electronic structure of black
phosphorus, we carry out the Wannierization with 16
Wannier orbitals , corresponding to the s and p orbitals
of the 4 atoms of the unit cell. The inclusion of all those
orbitals gives rise to a tight binding model that agrees
well with the DFT eigenvalues as shown in Fig. 6a. The
Wannierization with the 16 orbitals is not computation-
ally expensive, and importantly its construction in this
way warrants that all the orbital weights are properly
captured.
Implementing this Hamiltonian in a one dimensional
black phosphorus slab, and using the Peierls substitu-
tion, we obtain the spectrum of Landau levels70 and edge
bands shown in Fig. 6b. The anisotropic nature of the
low energy properties averages out,13,70 and the resulting
scaling with the Landau level index (Fig. 6d) and mag-
netic field (Fig. 6c) are in line with those obtained using
the effective mass approach.13
We now implement our method for a monolayer of in-
dium selenide,71 another semiconductor that can synthe-
sized in 2D form. It shows a hexagonal lattice, very
much like TMD, but with four atoms per unit cell in-
FIG. 6. (a) Comparison of the band structure of monolayer
black phosphorus as obtained by DFT and the Wannier tight
binding Hamiltonian. (b) Band structure of black phosphorus
nanoribbon of thickness 90 nm in the quantum Hall regime
(B = 70 T), focusing on the conduction band. (c) Evolution
of the Landau levels as a function of the magnetic field. (d)
Dependence of the Landau level energy as a function of the
Landau level index. Ribbon thickness in (c,d) is 360 nm.
stead of three, two In and two Se.71–73 It has an indi-
rect gap between the conduction band at Γ and a Mex-
ican hat around Γ in valence,71 with a direct gap of
similar value. The gap is in the order of 1.6 eV, and
tunable by a perpendicular electric field.71 In addition,
electroluminescence74 as well as by confinement effects75
have been recently experimentally observed.
For the sake of simplicity, in the following we focus
on the conduction band of InSe, that shows a minimum
at Γ. The lack of inversion symmetry will create a spin
splitting in the band structure once SOC is considered,
that vanishes at the Γ point, a time reversal invariant mo-
menta. With that in mind, we perform a non relativistic
calculation, together with the Wannierization (Fig. 7a)
of the InSe monolayer. The Wannierization is performed
using 14 orbitals, s and p of In and p of Se (each unit
cell has 2 Se and 2 In). With the Wannier Hamiltonian,
the Hall bar is created (Fig. 7b), giving rise to a conven-
tional Landau level spectra. The scaling of the Landau
level energy with the magnetic field (7c) and with the
Landau index (7d) is the one of the conventional 2d elec-
tron gas. Therefore, the conduction band of InSe is one
of the cleanest examples of Schrodinger dispersion in a 2d
material, lacking of SOC splitting or Berry curvature ef-
fects. In striking comparison, the valence band will show
both SOC effects and Berry curvature effects, since the
top of the valence band is not at Γ.
The last two dimensional material we consider is
MoO3,
76 another semiconducting material that can be
brought to 2D form77 giving rise to a bilayer system
7FIG. 7. (a) Comparison of the band structure of mono-
layer InSe as obtained by DFT and the Wannier tight binding
Hamiltonian, showing a minimum on the conduction band at
Γ. (b) Band structure of InSe nanoribbon of 70 nm thick-
ness in the quantum Hall regime (B = 60 T), focusing on the
conduction band, showing a conventional Landau level spec-
tra. (c) Scaling of the Landau levels energy with the magnetic
field, and with the Landau index (d) at a fixed magnetic field.
Ribbon thickness in (c,d) is 310 nm
formed by two Mo planes. It has an orthorhombic unit
cell, with each Mo atom sitting in an octahedral environ-
ment of O atoms. It is an indirect gap semiconductor,
even in the 2D form, with a gap between the conduction
band at Γ and the valence band at M .77
The low energy properties of this compound can be
captured taking into account the d orbitals of Mo and
the p orbitals of O, giving rise to 28 × 28 tight binding
Hamiltonian. In the following, we will focus on the Lan-
dau Levels of the valence band, which corresponds to the
parabolic band located at M . At that point, two bands
coexist, which correspond to the two different Mo layers
in the unit cell, each one giving rise to one set of Lan-
dau levels. The MoO3 Landau level spectrum, shown in
Fig. 8b, is the one expected for Schrodinger quasiparti-
cles, except for the twofold orbital degeneracy associated
to the layer index. The degeneracy remains as we ramp
the magnetic field (Fig. 8c), and for the different Landau
indexes (Fig. 8d). The degeneracy could be lifted upon
application of a perpendicular electric field or, more inter-
estingly, if electronic order arises due to electron-electron
interaction.
FIG. 8. (a) Comparison of the band structure of monolayer
MoO3 as obtained by DFT and the Wannier tight binding
Hamiltonian, showing a maximum in the valence band at M ,
with two spinless degenerate bands. (b) Band structure of
MoO3 nanoribbon of 40 nm thickness in the quantum Hall
regime (B = 115 T), focusing on the valence band, showing a
conventional Landau level spectra. (c) Scaling of the Landau
levels energy with the magnetic field, and with the Landau
index (d) at a fixed magnetic field, showing that the two sets
of Landau levels are degenerate in energy. Ribbon thickness
in (c,d) is 160 nm
IV. LANDAU LEVELS AS A MEASURE OF
DIRAC-NESS
We now briefly discuss the concept of Dirac-ness and
we use a recently proposed method to quantify it.78 There
is no doubt that quasiparticles in graphene behave as
Dirac electrons. However, when a given 2D crystal has
a gap, things are less clear as the energy dispersion of
two Schrodinger bands is very similar to the spectrum
of a gapped Dirac equation. A simple way to measure
the Dirac-ness of a band structure consists on looking
at the evolution of the zero Landau level with magnetic
field.78 This idea is based on the fact that for Schrodinger
fermions, the energy of the Landau levels follow En =
∆+(h¯eB/m)(n+1/2) whereas for Dirac massive fermions
in the large mass regime En ≈ ∆ + (h¯eB/m)n, where ∆
in the energy off-set of the band and m the effective mass.
The previous expression can be generalized into
En = ∆ + (h¯eB/m)(n+ γ) (8)
with γ = 0 for Dirac and γ = 1/2 for Schrodinger. There-
fore, a key feature of massive Dirac fermions is that the
energy of the zero Landau level is independent of the
magnetic field, showing a flat evolution of the Landau
level energy versus magnetic field. On the contrary, con-
ventional Schrodinger fermions will have all their Landau
8Material γ
graphene 0.0
BN, valley K′ (valence) 0.024
BN, valley K (valence) -0.03
MoS2,valley K
′ (conduction) 0.017
MoS2, valley K (conduction) -0.03
Black Phosphorus (conduction) 0.499
InSe (conduction) 0.496
MoO3 (valence) 0.5
TABLE I. Values of γ for the different materials obtained by
fitting the LL versus magnetic field to Eq. 8
levels dependent on the magnetic field, so that no flat
evolution is observed.
The Dirac-ness can be easily observed by checking the
Landau levels versus magnetic field as obtained for the
different materials. In particular, graphene (Fig. 2c),
boron nitride (Fig. 3c) and MoS2 (Fig. 4c) show a zero
Landau level whose energy is independent of the mag-
netic field, and thereby they are Dirac materials. In con-
trast, black phosphorus (Fig. 6c), InSe (Fig. 7c) and
MoO3 (Fig. 8c) show a first Landau level with non-zero
slope. By fitting the first four Landau levels at the dif-
ferent magnetic fields shown in Figs. 2 3 4 6 7 8: to Eq.
8, we obtain the values shown in Table. I.
V. CONCLUSIONS
We have shown that using the Wannierization proce-
dure a faithful tight-binding representation of the DFT
Hamiltonian can be obtained for several 2D materials.
We have shown how the addition of a Peierls phase into
the Wannier Hamiltonian permits to compute the Lan-
dau Level spectrum, both for bulk and edge states, of a
variety of 2D materials, including graphene, BN, MoS2,
Black Phosphorous, Indium Selenide and MoO3. The
method is particularly suitable for systems lacking a re-
liable tight-binding model, or for which the derivation of
an effective mass kp Hamiltonian is complicated or not
available. We have also shown that by analyzing the evo-
lution of the Landau level spectra, the Dirac-ness of the
band structure can be determined, yielding a simple tool
to identify materials with Dirac physics.
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Appendix A: Computational details
The starting point is density functional calculations,
performed with Quantum Espresso, for the unit cell of
the desired 2D crystal. We use PBE79 functional and
the PAW pseudopotentials80 for structural relaxation.
Wannierization21–25 is performed in 20 × 20 × 1 kmesh,
over the non relativistic calculation with PAW pseudopo-
tentials, except for the case of relativistic MoS2 where we
used norm conserving pseudopotentials. With the Wan-
nier Hamiltonian for bulk, the tight binding Hamilto-
nian for the ribbon is created by taking the relevant tight
binding parameters of the bulk Hamiltonian for each cell
replica, considering hoppings up to third neighbouring
cells.
The scaling of the Landau levels with magnetic field is
calculated first by determining the position in reciprocal
space of the flat Landau bands (in the case of graphene,
BN and MoS2 two different regions). The diagonalization
of the quantum Hall slab is performed in that kpoint, re-
taining only those eigenvalues whose eigenfunctions are
located in the bulk to throw away edge states and dan-
gling bond eigenvalues (see Figs. 4b, 7b). This proce-
dure allows to study very wide ribbons, since the tight
binding Hamiltonian is highly sparse and a few eigenval-
ues around the Fermi energy can be efficiently calculated
with ARPACK.81
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